Bochner integral, whose convergence in norm is guaranteed since e-i(\,A) js a continuous function of X and is of norm 1.
The questions which shall concern us are: in what way is f(A) continuous as a function of A or as a function of/?, what are some classes of functions for which fiA) is easy to calculate?, to what extent are other functional calculi special cases of this one?, and in what ways can we extend this calculus?
We should point out that the chief interest of this calculus is that the operators involved do not have to commute, which is not true of the calculi based on the Cauchy integral formula or on the spectral theorem. However it is easy to verify that in the case where the At commute, fiA) is the same as the operator defined by the spectral theorem. For example, in the one variable case we have fiA) = (2X)-1'2 f fi\) exp(-*<X, A))dX = (2x)-»'2 f j(X)d\ f «r*»AE» = (2x)-"2 f dEe f fi\)e-™d\ = f fi$)dEe where the interchange in order of integration is permitted because
for each x and y in the Hilbert space H on which the At operate, the integral f\f(\) \ d\f\ (dEex, y) | is finite, where (,) is the inner product in H. The verification in the case of several commutative operators is the same.
As for the continuity of /(A) as a function of A, we have the following. We say that a sequence Am of re-tuples converges if each component converges.
Proposition
1. Let / be fixed. 1/ Am-^A in norm, then /(Am)^>/(A) in norm.
Proof.
If Am-^A in norm then for each X, exp( -i(\, Am)) ->exp( -i(k, A)) in norm. The proposition follows by Lebesgue's dominated convergence theorem.
The same reasoning gives the following.
Proposition
la. Let / be fixed. 1/ Am-^A strongly, then /(Am)->/(A) strongly.
We now want to examine the map rj: 7->7,(7f, H) given by rj(f) =/(A), where A is fixed, 7"= {/GL1: JEL1}, 7(77, 77) is the space of bounded linear operators on 77, with the norm topology. We make 7" into a normed linear space with norm ||/|| =/|/(x) | dx.
Proposition 2. 77 is continuous.
Proof.
It is easy to see that the induced map S->L(H, 77) is continuous, where S is the Schwartz space of rapidly decreasing functions, and since the injection Cq ->S is continuous, it follows that the composition £: Co->L(H, H) is continuous.
Hence for each x and y in H, the map/->(f(A)x, y) is a distribution. The substance of our first theorem will be that for fixed A each such distribution has support in a ball about the origin that does not depend on the elements x and y. We shall state this in the language of spectral theory.
A point p in Rn is said to be in the resolvent set of A if there is a neighborhood U of p such that for any /ECq with support in U, /(A) =0. Otherwise, p is said to be in the spectrum of A. The spectrum of A is denoted <r(^4). We immediately see that the resolvent set of A is open in Rn, and hence <r(^4) is closed. Before we state the theorem we shall need a lemma. We thus have two functional calculi, whose domains overlap on CDF.
We would like to prove that the two definitions of f(A) agree there.
3. C0°° is dense in F.
Proof. We first show that S is dense in F. Let fEF. Then ?EF.
Since S is dense in Ll, there is a sequence of functions gnE §> such that f\f-gn\dx-^0 as m->c°. Let hn = gn, the inverse Fourier transform of g". Then hnE& and we have ||/-hn\\ =J\J-h"\dx = f\f-gn\ cix->0
as m->oo. Thus S is dense in 2s". It is known that Co" is dense in S, and since the topology of S is stronger than its relative topology as a subspace of F, it follows that C" is dense in F.
Recall that v and hence £ are continuous on Cg as a normed linear space with the norm of F. Since C0°° is dense in CDF, there is a unique extension of £ to CDF.
As we saw, our first definition of fiA) gives such an extension. It suffices to show that so does f. Note that c60(X) =an<p(a\). Since $E$, we can pick W so that \$(\)\ <W|X|-"-1 for all X. Then \$a(\)\ =a"|c6(aX)| <a"I^|aX|-"-1 = a-1IF|X|-"-1^IF|X|-"-1, which is integrable on Rn -BT for any r>0, and which does not depend on a. For all a so large that a(A)EBa we have
where integration by parts is justified since p(id/dX)exp( -i(X, A)) is bounded. Since for all a^ 1 we have a common bound for c/><,(X) which is integrable on R" -Br we can pick N so large that
for all a iii, where e is arbitrary. Now Note that the proof of Theorem 2 did not make use of the spectral theorem. Since it is easy to prove that the correspondence A-*f(A) is of positive type in the one variable and commutative cases, we can deduce the spectral theorem from Theorem 2. The proof given has the further advantage of being valid when the arguments belong to certain larger classes of Banach algebras, for which the spectral theorem does not hold. 
V^=V.
Since an operator is compact if and only if it is the limit in norm of a sequence of operators with finite dimensional range, using the fact that/04) is a continuous function of A, we have the following.
Corollary. 7//(0) =0 and all the At are compact, then so is /(A). v\ix, y)=yeiX*.6 Let fiA) = (2x)-1/2//(X)e-a^X. Then g*iA)A0 = i2ir)~ll2f}(X)i -iX)v\iA, A0)d\ (see also the second footnote) = -WiA, Ao) where Wix, y) =y(2x)-1'2/-iX/(X)e-iXlcfX, since the corresponding Riemann sums of these two expressions in A and Ao are equal and the Riemann sums for the last integral, functions of x and y, converge locally uniformly, together with all the partial derivatives.
But Wix, y)=hix, y).
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